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SHARP ADAMS-TYPE INEQUALITY INVOKING HARDY 

INEQUALITIES 

MOHAMED KHALIL ZGHAL 


Abstract. We establish a sharp Adams-type inequality invoking a Hardy in¬ 
equality for any even dimension. This leads to a non compact Sobolev embedding 
in some Orlicz space. We also give a description of the lack of compactness of this 
embedding in the spirit of [S]. 


1. Introduction 

1.1. Setting of the problem. The Trudinger-Moser type inequalities have a long 
history beginning with the works of Pohozaev [ 23 ] and Trudinger [ 30 ] • Letting 
C M” be a bounded domain with n > 2, the authors looked in these pioneering 
works for the maximal growth function g : M. ^ M+ such that 

sup / g{u) dx < -f-oo , 

ueWg’"{n), ||Vn||in<i ■>'0 

and they proved independently that the maximal growth is of exponential type. 
Thereafter, Moser improved these works by founding a sharp result known under 
the name of Trudinger-Moser inequality (see m and since that time, this subject 
has continued to interest researchers and Trudinger-Moser inequality has been ex¬ 
tended in various directions (one can mention m El ED ESI ESI) generating several 
applications. Among the results obtained concerning Trudinger-Moser type inequal¬ 
ities, we recall the so-called Adams’ inequality in 

Proposition 1.1. [181 ESj There exists a finite constant k, > 0 such that 
(1.1) sup [ - l) dx:=K, 

where = N\ 7r^2‘^^, and for any (3 > j3j^ 


( 1 . 2 ) 


sup 


- 1 j dx = +oo. 


uGri^(R2JV),||«||j^jV(jj2JV)<l yR2iv 

Remarks 1.2. 

• In the above proposition, the norm || . ||/^iv designates the following Sobolev 


norm 


N 


I ^ 1 1 (R^-'v) •— ll'^ll r2('B2iv 


) II^'^“IIl2(R2^) ) 

i=i 


1 
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where denotes the j-th order gradient of u, namely 




A 2 -U if j is even, 
VA~ u if j is odd. 


• The proof of Proposition li.il treated firstly in the radial case and general¬ 
ized then by symmetrization arguments, is based on the following Trudinger- 
Moser ineguality in a bounded domain. 


Proposition 1.3 (j2], Theorem 1). Let VL be a bounded domain in 
There exists a positive constant such that 


sup 





5 


where |r2| denotes the Lebesgue measure offl. Furthermore, this ineguality 
is sharp. 


• As emphasized above. Proposition li.il has been at the origin of numerous 
applications. Among others, one can mention the description of the lack of 
compactness of Sobolev embedding involving Orlicz spaces in PElEni[IIlC2], 
the analysis of some elliptic and biharmonic eguations in [271[2SII2S] and the 
study of global wellposedness and the asymptotic completeness for evolution 
eguations with exponential nonlinearity in dimension two in [SI H 0 El ESI 

ESIE]. 


Sobolev embedding inferred by Proposition 11.11 states as follows: 

(1.3) -A £(R2^) , 

where C is the so-called Orlicz space associated to the function (p{s) := e^^ — 1 and 
dehned as follows (for a complete presentation and more details, we refer the reader 
to and the references therein): 

Definition 1.4. We say that a measurable function n : R"^ —)■ C belongs to £(R'^) if 
there exists A > 0 such that 

\u(x)\^ \ 

e — 1 dx < 00 . 



We denote then 

(1.4) I|m||£(K‘^) = inf ( A > 0, 



dx < 1 


Remarks 1.5. 

• It is easy to check that || . ||/: is a norm on the C-vector space C which is 
invariant under translations and oscillations. 


• One can also verify that the number 1 in fll.41) may be replaced by any positive 
constant. This changes the norm || . Hn to an eguivalent one. 
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(1.5) 


In the sequel, we shall endow the space with the norm || • ||£(R 2 iV) 

where the number 1 is replaced by the constant k involved in Identity mu. 
The Sobolev embedding (na states then as follows: 


\U 


< 


\/Av 


where the Sobolev constant 


\/3/v 


is sharp. 


P-l 


Denoting by the Orlicz space associated to (j)p{s) := ? with 


k=0 


p an integer larger than 1, we deduce from Proposition \l. 1\ the more general 
Sobolev imbedding 


( 1 . 6 ) 


H 


N/Tn,2N\ 


M- 


L<Pp 


n2N\ 


Let us finally observe that C ^ LP for every 2 < p < oo 


In this article, our goal is twofold. Firstly obtain an analogue of Proposition 11.11 
in the radial framework of a functional space closely related to Hardy in¬ 

equalities, which will easily lead to the following Sobolev imbedding 

(1.7) nradi^.^^) . 

Secondly describe the lack of compactness of fll.7p . which could be at the origin of 
several applications as it has been the case by previous characterizations of defect 
of compactness of various Sobolev embeddings. 


More precisely, for any integer N > 2, the space we will consider in this paper is 
dehned as follows: 


( 1 . 8 ) 


H(R™) := ■! ti € 


ltTn,2N\ 


Vu 

|A-1 


G L' 


2fTn,2N 


In view of the well-known Hardy inequalities (see for instance [a El m [15]): 
(1.9) 


u 

^ ll^ll ijs(R'*) 5 Vs G 

r d\ 

1 1^ 

°’2 

1 • 1 

L2(Rd) 



the Sobolev space continuously embeds in the functional space 77(M^^) 

endowed with the norm 


l'^llw(R2iV) — ||ll||_H-l(R2JV) + 


Vu 


|A-1 


Actually, as shown by the example of function 


X I— )■ log(l - log |x|) liJi(0)(a:), 

with Hi(0) the unit ball of the embedding of into is strict 

for every N >2. 
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For the convenience of the reader, the following diagram recapitulates the different 
embeddings including the spaces involved in this work. 


radial case 



H 




The interest we take to the space T-L is motivated by the importance of Hardy 
inequalities in Analysis (among others, we can mention blow-up methods or the 
study of pseudo-differential operators with singular coefficients). 


1.2. Main results. The result we obtained concerning the sharp Adams-type in¬ 
equality in the framework of the space takes the following form: 


Theorem 1.6. For any integer N greater than 2, there exists a finite constant k' > 0 
such that 

(1.10) sup [ - l) dx 

nGH,ad(R2JV),||n||^(^2JV)<WR2iV V / 


where 'Jn '■= 


(iV^ 


and for any 7 > qv 


( 1 . 11 ) 


sup / 


_ 1 ) dx 


-l-cxo . 


Remarks 1.7. 

• Note that the optimal constant involved in Identity fll.lOp is different from 
that appearing in Identity fll.ip . 


• Usually, the proofs of Tradinger-Moser inegualities reduce to the radial frame¬ 
work under symmetrization arguments. In particular, in dimension two this 
guestion is achieved by means of Schwarz symmetrization (see [1]). The key 
point in that process is the preservation of Lebesgue norms and the mini¬ 
mization of energy. 


Unfortunately, the guantities 


Vr 


l-K 


cannot be minimized under Schwarz 


L2(R2JV) 

symmetrization as shown by the example Uk{x) := <p(|x| -|- k), where p ^ 0 
is a smooth compactly supported function. The fact that ul = ip shows that 


the control of 


Vut 


l-K 


L2(]R2Ar) 


by 




l-K 


L2(]R2Af) 


fails. 


It is clear that, when the constant 1 in fll.ip is replaced by tf, Theorem 11.61 
implies the following radial continuous embedding 

1 „ „ 


kll£(R2^) < 






where the Sobolev constant 


is optimal. 
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• Observe that due to the continuous embedding 

Theorem \1.6\ can be viewed as a generalization of Proposition \ 1.1] in the radial 
framework. 


As mentioned above, our second aim in this paper is to describe the lack of com¬ 
pactness of the Sobolev embedding fll.7p . Actually, this embedding is non compact 
at least for two reasons. The hrst reason is a lack of compactness at inhnity, as 
shown by the example Uk{x) = + x^) where 0 7 ^ (p G P and \xk\ 00 , which 

converges weakly to 0 in and satishes ||MA:||£(iR 2 iV) = |l(p||£(R 2 iV). The second 

reason is of concentration-type as illustrated by the following example derived by 
P.-L. Lions [mEO]: 




' 0 

if 

> 1 ) 

(1.12) 

fk{.x) = < 


if 

e“^ < T < 1 



hNk 

. V 

if 

X < e~^. 


Indeed, we have the following proposition the proof of which is postponed to Sec¬ 
tion m for the convenience of the reader. 


Proposition 1.8. The sequence {fk)k>o defined above converges weakly 
and satisfies 


\\fk\\c{R^^) 


k^oo 


1 


to 0 in 


It will be useful later on to emphasize that fk can be recast under the following 


form: 




(1.13) 

fk{x) = 

hNk 

1 In 


where 


1 if 

t > 1 , 


m = 

t if 

0 < f < 1 , 


1 

0 if 

t < 0 , 

and that 




(1.14) 

||/fc||rii(R 2 iV) —0 and 

^fk 

. L2(R2JV) 


In order to state our second result in a clear way, let us introduce some objects as 

in [ 8 ]. 


Definition 1.9. ITe shall designate by a scale any sequence a := (an)n>o of positive 
real numbers going to infinity and by a profile any function belonging to the set 

P := I V' e e L\W), i/;|]_oo,o] = 0 } . 
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Two scales a, j3 are said orthogonal if 


log ( — 

OLn. 


oo . 


Remark 1.10. Recall that each profile ^ V belongs to the Holder space Cz 
and satisfies 


(1.15) 


fj{s) 


—y 0 ds s —y 0 . 


Indeed taking advantage of the fact that G we get for any S 2 > si 

/ S2 / j■S2 \ 1/2 

fi'{r)dT < yjs2 ~ 'if'‘^{r)dTj 

which ensures that ip G C'^(R) and implies 01.151) by taking si = 0. 

The result we establish in this paper highlights the fact that the lack of compact¬ 
ness of the Sobolev embedding 01.7p can be described in terms of generalizations of 
the example by Moser 01.12p as follows: 

Theorem 1.11. Let {un)n>o be a bounded seguence in 'HradiM'^^) such that 


= v4o > 0 , and 
Un{x)\^ dx = . 


Then, there exist a seguence of pairwise orthogonal scales and a seguence 

of profiles such that up to a subsequence extraction, we have for all I>1, 


(1.16) 


(1.17) 

limsup ||Mn||/:(R 2 JV) ^ 

n—>-co 

(1.18) 

lim limsup / 

R-^00 „_j.oo J\x\>R 


(1.19) 


1=1 


'2Nan'^ ,—log |x| 


7w 




a 


U) 


+ ^n\x) , 


with limsup ||r)f^||£(]R 2 iV) 2^ g . Moreover, we have the following stability estimate 


£—>■00 


VUr. 


lA-l 


L 2 (R 2 ^) 

Remarks 1.12. 


i=i 


' l|2 


Il 2 (]R) 


+ 


Vr 


(^) 2 


lA-l 


L2(R2JV) 


-|- 0 ( 1 ), n —)■ cxD 


The hypothesis of compactness at infinity Ol.lSp is crucial: it allows to avoid 
the loss of Orlicz norm at infinity. 































SHARP ADAMS-TYPE INEQUALITY INVOKING HARDY INEQUALITIES 


7 


( 1 . 20 ) 


Note that the elementary concentrations 
9n\x) ■= 


'2Na 


U) 


In 




log |a:| 


q,(7) 


( 1 . 21 ) 


involved in Decomposition fll.lQp are in l-Lradi^^) whereas a priori, they do 
not belong to 

Actually, the lack of compactness of ^ was characterized 

in [To] by means of the following type of elementary concentrations: 

Cn I 


fn{x) := 


e*(* log 1^1 


lel 


2N 


(y.r 


d^, 


with (an)n>o 0 , scale in the sense of Definition li..91 {xn)n>o a seguence of 
points in and (f a function in L^(R+). Note that (see Proposition 1.7 
in [To] ) 

fn{x) = Cn 


CXn 

n^oo 


+ tn(T), 


withfj{y) = / ip{t)dt and ||t„||£(R 2 iv) —)■ 0. 

Jo 

Arguing as m [8], we have the following result: 

Proposition 1.13. Let us consider 

log |x| 


9n{x) := 


l2Nar. 

'In 




Otr 


with if a profile and (an)n>o a scale. Then 


( 1 . 22 ) 


||9n||£{]R2^) 


max 


l^(s)l 


x/w ^>0 V-s 

Proof. Setting L = liminf || 5 'n||£(K 2 iv), we have for any fixed £ > 0 and any 

n sufficiently large (up to a subsequence extraction) 

f ( I aniX) b \ 

/ ( el I — 1\ dx < K . 

JK2JV V / 

Therefore, there exists a positive constant C such that 


r~^°° 2NanS 

1 1 '0(s) h ^ 

7jv(-'^+£)^ 1 \/i 1 

Jo 



an I e L .iv ' V - . j ds < C . 

Jo 

Using the fact that i/i is a continuous function, we deduce that 

r 1 l'0('S)l 

L + e > max ■ 


- llidJv -— ? 

^>0 V'S 


which ensures that 


^>0 
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To end the proof of fll.22|] . it suffices to show that for any positive real 
number the following estimate holds 

gn(x) I ^ \ 

e| —I -i)dx-^0, 


U X 1 + ^ lV'(s)l 

where A := -max —— ■ 

^>0 y/s 

Performing the change of variable r = e““"^, we easily get 


(1.23) 


/R2JV 


gnjx) 

A 


l] dx = 


27l^an P -2Aa„s(l- 1 tolV 
- / o V ~IN^ ' ' ds 


{N-l)\Jo 
2TT^an r 

{N-iyJo 


^—2NanS 


ds. 


Recalling that 


V’(s) 


—y 0 8jS 5 —y 0, 


we infer that for any £ > 0, there exists 77 > 0 such that 


7ArA2 


i){s) 


< e for any 0 < s < 77 . 


According to fll.23p . this gives rise to 

{N - 1 )! X 


2!r"a„ r 

(Af - 1 )! I 


^—2NanS 


ds 


< 


71^ e 


A^!(l -e) 


+ 0 ( 1 ), n —)■ 00 , 


which ensures the desired result. 

Arguing as in Proposition 1.18 in [H], we get 


□ 


(1.24) 


a 

i=i 


(i) 


£(K22V) 


sup 

l<j<l V"—>-oo 


( lim ) , 


where gn^ is defined by fll.20p . 


1.3. Layout. The paper is organized as follows: Section 2 is devoted to the proof of 
the sharp Adams-type inequality in the framework of the space 'Hradi^'^^), namely 
Theorem 11.61 In Section 3, we establish Theorem 11.111 bv describing the algorithm 
construction of the decomposition of a bounded sequence )„>o in up 

a subsequence extraction, in terms of asymptotically orthogonal profiles in the spirit 
of the example by Moser. The last section is devoted to the proof of Proposition 11.81 

Finally, we mention that, C will be used to denote a constant which may vary from 
line to line. We also use A < B to denote an estimate of the form A < CB for 
some absolute constant C. For simplicity, we shall also still denote by (n„) any 
subsequence of (un)- 
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2. Proof of the Theorem 11.61 

To establish Estimate fll.lOjl . we shall follow the 2D approach adopted in [25] by 
setting for a hxed ro > 0 (to be chosen later on) 


h := 


'B(r-o) 


g7ivl«(DI^ -1] dx and Jo := 


/R2^\B(ro) 


DJvb(a:)|^ 


1 j dx , 


where J?(ro) denotes the ball centered at the origin and of radius tq. 


The idea consists to show that it is possible to choose a suitable ro > 0 independently 
of u such that Ji and I 2 are bounded by a constant only depending on ro and N. 

Let us start by studying the part J 2 . Using the power series expansion of the 
exponential, we can write 


00 ^ /• 

^2 = y] ^ l 2 ,k , where ■= / 

k=i 


\u{x)\‘^^ dx. 


M.2N\B(ro) 

In order to estimate l 2 ,k, we take advantage of the following radial estimate available 
for any function u in (for further details, see [26]): 


( 2 . 1 ) 


tora,e. ^ e 


TT 


N 


\X 


N-i 


IT 


N 


271 


N 


{N-l)l \ TT 


(iV-1)! 


which for any integer k >2, implies that 

k 

/ I / \/ — I 1 1 \ 

l2,k < 

< 

< 

This gives rise to 


(A^-i)!V„ i,2fc 271^ r 

“IIh1(R2JV) ^{k-l){2N-l) 


rN 


k{l-2N)+2N 


,,|| 2 fc '0 _ 

llHi(R2iV) ^2N-l)k-2N 


2n 


N 


„2N 


(AT - 1)!2(A^- 1) V tt 


(AT-l)! 


tN 


\2k 


“IIh1(R2JV) ^2N-l)k 


h < 7Y||M||i2(K2JV) + 


271 


N 


^2N 


(iV-l)!2(iV-l)^/c! 


E 


1 ( 7w(A^ - 1)! 


fu 


Hi(R2JV) 


TT 


N 


J2Y-1) 


< In 


2n 


N 


„2N 


(iV_l)!2(JV-l)^fc! 


UnE 


In 


{N-l)\ 1 


TT 


N 


J2Y-1) 
0 


under the fact that ||n||-^(R 2 JV) < 1, which ensures that I 2 is bounded by a constant 
only dependent of ro and N. 


In order to estimate Ji, we shall make use of the following Adams-type inequality, 
the proof of which is postponed at the end of the section. 
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Proposition 2.1. There exists a constant Cn > 0 such that for any positive real 
number R, we have 


sup 

and this inequality is sharp. 




<1 


|.|JV-1 ||i2- 


Ib{r) 


Let us admit this proposition for the time being, and continue the proof of the 
theorem. The key point consists to associate to a function u in Rrad{B{rQ)) with 
II'^II'H(k 2 ^v) < 1 an auxiliary function w G {Rrad H Hl'){B{rQ)) such that 

" <1 and + (i(ro), 


lA-l 


LHB{ro)) 

where the function (i(ro) > 0 depends only on tq. To this end, let us hrst emphasize 
that if u belongs to Rrad{B{ro)) and satisfies ||M||'^(]R 2 Ar^ < 1, then u is continuous 
far away from the origin. Indeed, for any real numbers r 2 > ri > 0, writing 


u{r 2 ) — 'u(ri) = / u'{s) ds , 

we get by Cauchy-Schwarz inequality 




|n(r 2 ) - tt(ri)| < 


r-r'2 




ds 


'ri 


-^2 


ds 


'ri 


< C||Vn|U2(„2^)( 


'ri 


which leads to the result. Thus, for any 0 < r < tq, we can define the function 

v{r) := u{r) — n(ro) , 

which clearly belongs to (fHrad hi iLo)(i?(ro)) . In light of the radial estimate 
this implies that 

n^(r) < n^(r) + n^(r)n^(ro) + 1 + n^(ro) 

2/ X , 2/ X — 1)! ll'^ll^l(R2Ar) (A^ — 1)! l|■^^llHl(K2iV) 


< v‘‘{r) + v'^{r)- 


n 


N 


r. 


2N-1 

0 


+ 1 + 


TT 


N 


„2A-1 


< v\r) I 1 + + d(ro) , 


TT 




^ ^ , , (A^ - 1)! lklln-i(iR2iV) 

where d(ro) := IH-^-— 


TT" 


0 


Now by construction, the function 


w{r) := v{r)\ 1 + 


{N — 1)! II'W||//1(R2JV) 


TT 


N 


„2N-1 
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belongs to ("Hrad n -ffg) (i3(ro)), and easily satisfies 


\Vw{x)\‘^ (iV - 1)! II“IIhi(R2^)^ f |Vm(x)P 


I B{ro) 


\x 


|2(A 


- 1 ) 


TT 


■N 


„2A-1 

'O 


) JB{ro) 


X 


|2(A-1) 


dx 


< 1 + 


(A^ — 1)! ||'if||j^i(R2JV)\ 


TT 


■N 


r.2N-l 

'o 




1 — llnl 


Hl(R2iV) 1^1) 


provided that 


TT 


.N 




„2A-1 

'O 


> 1 . 


TT 


.N 


^ > 1, we deduce that 


(iV- 1)! 

e7ivb(x)|2 


Applying Proposition 12.11 with tq fixed so that 

< QlNdira) f 

JBiro) 

which ensures the desired estimate, up to the proof of Proposition 12. II 

To achieve the proof of Identity fll.lOp . let us then establish Proposition 12.11 To 
this end, let us for a function u in {Hrad^Hl) {B{R)) satisfying 
denote by 


l-K 


L2(R2iV) 


< 1 . 


m := 

Our aim is to show that 

I{R) < CnR^^ whenever 




B{R) 


271 


,A 




(N-iyJo 


y'(r)|^r dr < 1. 


For that purpose, let us perform the change of variable s = , and introduce the 

' 471^ 


r . . ^ / Ax „ , 471^ 

tunction w[s) = J ^ v[sn j. Recalling that yw = ^ > 


we infer that 


m = 


271 


.N rR ^ 9„Y pR^ 

g7jvhh)l%.2Y-l ^ I 


27t^ r 

(N-1)1 Jo 


N\ 


g4-h(dl% ds and 


/o 


R pR’^ 

|n'(r)|^r dr = 271 J \w'{s)\‘^s ds . 


The conclusion stems then from the 2D radial framework of Proposition 11.31 

Now in order to prove the sharpness of the exponent yAr, let us consider the 
sequence {fk) defined by fll.l2p . Since according to 01.1411 . we have 

ll/fc||R(R2^) = 1 + o(l) , 


as fc —>■ oo , 
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we get for any 7 > 7 Ar 






1] dx > 


> 


271 


N 




2Nky 

g7iv(l+o(l)) 


1 )r 


2A-1 


dr 


A^! 


27Vfc2A2iv(il^ 
g 7Jv(l+o(l)) 


-2Nk\ fc-J-qp 


CX) 


which ends the proof of the theorem. 


3. Proof of Theorem 11.111 

3.1. Scheme of the proof. The proof of Theorem 11.111 relies on a diagonal subse- 
qnence extraction and nses in a crncial way the radial setting and particnlarly the 
fact that we deal with bounded functions far away from the origin. The heart of the 
matter is reduced to the proof of the following lemma: 

Lemma 3.1. Let {un)n>o be a bounded sequence in 'HradiM'^^) satisfying Assump¬ 
tions fll.lbp . fll.lTp and fll.lSp . Then there exist a scale {an)n>o and a profile in 
the sense of Definition I i. .91 such that 

(3.1) ||'01Il2(r) > CnAo, 
where Cn is a constant depending only on N. 

Inspired by the strategy developed in [ 8 ], the proof is done in three steps. In the 
first step, according to Lemma 13.11 we extract the first scale and the first profile 
satisfying Inequality fl3.ip . This reduces the problem to the study of the remainder 
term. If the limit of its Orlicz norm is null we stop the process. If not, we prove 
that this remainder term satisfies the same properties as the sequence start which 
allows us to extract a second scale and a second profile which verifies the above 
key property fl3.ip . by following the lines of reasoning of the first step. Thereafter, 
we establish the property of orthogonality between the two first scales. Finally, we 
prove that this process converges. 

3.2. Extraction of the first scale and the first profile. Let us consider a 

bounded sequence (nn)n>o in satisfying the assumptions of Theorem II.Ill 

and let us set n„(s) := n„(e“^). Then, we have the following lemma: 

Lemma 3.2. Under the above assumptions, the sequence {un)n>o converges strongly 
to 0 in and we have for any real number M, 

(3.2) lim \\Vn\\L-°i]-oo,M]) = 0 • 

n—>-oo 

Proof. Let us first observe that for any positive real number R, we have 

||Wn||L 2 (R 2 ^) = ||'Wn||L 2 (|x|<R) + ||||L2(|3,|>ji;) . 

Now, invoking Rellich’s theorem and the Sobolev embedding into 

we infer that the space R{\x\ < R) is compactly embedded in L‘^{\x\ < R). There¬ 
fore, 

limsup \\Un\\Lmx\<R) 0 . 

n^oo 
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Taking advantage of the hypothesis of the compactness at inhnity fll.lSp . we deduce 
the strong convergence of the sequence (un)n>o to 0 in 

Finally, fl3.2p stems from the strong convergence to zero of (un)n>o in and 

the following well-known radial estimate available for any function u in 


|'u(a;)| < 


(At— 1)! ||w|||,2(IR2iV) II Vm 111^2 (IR2iV) 


TT 


N 


\X 


\N-h 


for a.e. x G 


o2N 


□ 


Now, arguing as in the proof of Proposition 2.3 in [8], we deduce the following 
result: 

Proposition 3.3. For any 6 > 0, we have 

Vn{s) 2 


(3.3) 


sup 

s >0 


{2N — l)s 1 ^ 00 , n ^ oo . 


Ao-S 

A byproduct of the previous proposition is the following corollary: 

Corollary 3.4. Under the above notations, there exists a sequence (on ^)n>o in R+ 
tending to infinity such that 


(3.4) 




{2N - 1) a 


( 1 ) 


oo , 


and for n sufficiently large, there exists a positive constant C such that 
(3.5) ^\J {2N - l)Q;i^^ < \vn{a^n^) \ < o(l) , 


where C = \l limsup 

n^oo 


VUr, 


lA-l 


L2(R2iV) 

Proof. In order to establish fl3.4p . let us consider the sequences 

Vn{s) 2 


WJs) := 4 




{2N — l)s and a„ := sup Wn{s). 


s>0 


By dehnition, there exists a positive sequence (on ^)n>o such that 

Wn{a^n^) > On - - ■ 

n 

Now, in view of fl3.3p . a„ oo and then tF'„(Q;n^) oo. It remains to prove 

that cx). If not, up to a subsequence extraction, the sequence (a;n^)n>o is 

bounded and so is {Wn{an^))n>o by (1^ . which yields a contradiction. 

Concerning Estimate fl3.5p . the left hand side follows directly from fl3.4p . Besides, 
for any positive real number s, we have 
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which according to fl3.2p which implies that nn(0) 
forward equality 

'(iV-1)! Vm. 


271^ 


ITV-l 


0 , and the following straight- 


L2(R2JV) 


gives the right hand side of Inequality fl3.5p . and thus ends the proof of the result. □ 

Corollary 13.41 allows to extract the hrst scale, it remains to extract the hrst prohle. 
To do so, let us set 


i^n{y) = 


7n 


2Nail'^ 


Vnia^n^y) ■ 


It will be useful later on to point out that, in view of Property fl3.2p . '0n(O) 0. 

The following result summarize the main properties of the sequence ('0n)n>o: 

Lemma 3.5. Under notations of Corollary S.f, there exists a profile E V such 
that, up to a subsequence extraction 


in L^(M) and 


L^- 2 


An 2N - 1 


2N 


■'In- 


Proof Noticing that \\i>n\\LHu) = 


^7 Ufi 


l-K 


L2(R2JV) 


, we infer that the sequence {'fin)n>o 


is bounded in L^(M). Thus, up to a subsequence extraction, converges 

weakly in L^(M) to some function g. Let us now introduce the function 

^(b(s) ;= [ g{T)dT. 


Our aim is then to prove that is a prohle and that IL 2 ^ 
On the one hand, applying Cauchy-Schwarz inequality, we get 


An 2N - 1 


2N 


In ■ 




9 {r) dr < \/s||^||l 2 (r) , 


which ensures that G L^(M+,e ‘^^'^ds). 

On the other hand, we have = 0 for all s < 0. Indeed, using the fact that 


|Mn|li2(R2iV) = / \Ms)\ 


2-2NaPU 


ds , 


we obtain that 

/•O /-O 

|2 


\fin{s)\ ds< / \finis)\e 


2-2NaPU 


— ( flK 2 ll'^»^llL2(R2iV) 
(Ctn ) 


which implies that {'pn)n>o converges strongly to zero in L^(] — cx), 0[), and thus for 
almost all s < 0 (still up to the extraction of a subsequence). 
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But, we have 

^n{s) - = [ f^ir) dr —> [ g^r) dr = , 

which, according to the fact that "0^(0) 0, implies that 

(3.6) VseM. 

We deduce that = 0 ; which completes the proof of the fact that G V. 

Finally in light of fl3.5p . we have 




An 2N - 1 


2N 


In ■ 


Since 


this gives rise to 


^ {r)\ dr = 




l 2 - 2 


An 2N - 1 


2N 


'In ' 


which ends the proof of the key lemma 13.11 


□ 


3.3. Study of the remainder term and iteration. Our concern is to iterate the 
previous process and to prove that the algorithmic construction converges. For that 
purpose, let us first consider the remainder term 

(3.7) T^^\x) = Unix) - g^^\x ), 


where 



It can be easily proved that (rn^)„>o is a bounded sequence in 'Hradi^'^^) satisfying 
fll.lbp . fl 1.181) and the following property: 


(3.8) 


lim 

n—>-oo 


Vri') 


lA-l 


= lim 

L2(]K2JV) n—>-00 


VUr^ 


lA-l 


2 

L2(R2JV) 



Let us now define Ai = limsup||rn ^||£(]R2Ar) . If Ai = 0, we stop the process. If 

n—^oo 

not, arguing as above, we prove that there exists a constant C such that 


(3.9) ^\Ji2N - 1) <C'\/^+o(l), 

where fn^(s) = rn^(e“^) and that there exist a scale (ai^^) satisfying the statement 
of Corollary 13.41 with Ai instead of Aq and a profile in V such that 
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with ||i/;(2)'| 


1 , 2-2 


A^ 2N - 1 


7 Ar and 


lim 

n—^oo 




lA-l 


2N 
2 

= lim 

L2(]r2JV) n—^oo 


Vr« 


lA-l 


L2(R2JV) 


- II-/-® 


'||2 
L2(R) 


Moreover, we claim that and are orthogonal in the sense of Dehnition ll.9l 
Otherwise, there exists a constant C snch that 

.,( 2 ) 


c 


< 




Q/n^ 


Making nse of Eqnality fl3.7p . we get 


fnH«nO = 


2Nail^ 


In 


i>n 


<C. 


( 2 )' 

an 


Q/n^ 




( 


( 2 )' 

an 




This implies that, np to a snbseqnence extraction. 


lim 


In 


,.(i) 




al' 

an'’ 




(f)) 


Unix) = 

i=i 


'2Na 
In 


U) 


^(i) 


an^ 


+ rW(x) , 


with 


limsnp IIr 

n—>-CxD 


W ||2 


< 1 _ 42 


_ ... _ 

^£-1 


= 0 


n^oo\/ 2Na^r. 

which is in contradiction with the left hand side of Ineqnality fl3.9p . 
Finally, iterating the process, we get at step i 

- log |a:| 


This implies that —)■ 0 as £ —)■ 00 and ends the proof of the theorem. 


4. Proof of Proposition 11.81 


This section is devoted to the proof of Proposition 11.81 Actnally, the fact that 
the seqnence ifk)k>o converges weakly to 0 in 'Hradi^'^^) stems from straightforward 
compntations, and the heart of the matter consists to show that 


(4.1) 


||/fc|U(R2iV) 


k^oo 


1 



Firstly, let ns prove that lim inf ||/fc||/;(-R 2 JV') >-For that pnrpose, let ns consider 

fc^oo 




dx < k' . 


A > 0 snch that 
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By definition, this gives rise to 


|3:|<e“ 


(el ^ I — Ij dx < K , 


and thus consequently 


/ 2Nk 


eTjv^ — 1 )e 


-2Nk 


< k' . 


We deduce that 


> 


2Nk 


which ensures that 


7Arlog(l ^ k' k^oo 7jv 

liminf ||/fc||£(R 2 iV) > • 

fc^oo 

Now the fact that limsup ||/A:||£(K 2 iV) < derives from the following proposition 

fc-j-oo y/lN 

the proof of which is postponed at the end of this section: 

Proposition 4.1. Let 7 G] 0 , 7 Ar[. A positive constant exists such that 


(4.2) 


/R 2 JV 


/ 7|n(a;)|2 _ iA <: n 
1 e i I ax \ *-^ 7 ,^II “II, 


for any non-negative function u belonging to 'HradiM'^^), compactly supported and 

V 'll 

satisfying n(|x|) : [ 0 ,cx 3 [—)■ M is decreasing and 


IV-l 


eguality ( 1 ^ is sharp. 


L2(IR22V) 


< 1. Besides, In- 


Assume indeed for the time being that the above proposition is true. Then, for 
any fixed e > 0 , there exists > 0 such that 


/R2JV 




ij dx < C'£^ 7 v||/A:||y;, 2 (]]j 2 Af) , 


which leads to the desired result, by virtue of the convergence of (/*,) to zero in 

To end the proof of Proposition 11.81 it remains to establish Proposition 14.11 the 
proof of which is inspired from the one of Theorem 0.1 in [1]. 

Proof. Let u satisfying the assumptions of Proposition 14.11 Then there exists a 
function v : M+ —?• M+ such that 

u{x) = v{r) , |x| = r , 

v'{r) < 0 , Vr > 0 , and 

3 ro > 0 such that v{r) =0 \/r > ro . 
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Setting w{t) = y/^v[e 2 ) , we can notice that w satisfies the following properties: 

(4.3) w{t) > 0 , VtGM, 

(4.4) w'{t)>0, VtGM,and 

(4.5) 3 to ^ such that w{t) = 0 Vt < to . 

Besides, we obtain by straightforward computations that 


(4.6) 

(4.7) 

(4.8) 


I^1Il2(r) — \/iv 


Vu 


lA-l 


0 


< \/iV, 


«;(t)| e dt = 4A^||n||^2(R2JV), and 


e'^iv 




lie dt = 


(7V-1)! 


I 

^ Jr2JV 


_ 1 ) ttx . 


Thus to prove fl4.2p . it suffices to show that for any belonging to ]0,1[, there exists 
a positive constant (7/3 such that 


g/SWflp _ <Ci, f \w{t)\'^ dt, 


(4.9) 

where w satisfies fl4.3p . fl4.4p . fl4.5p and fl4.6p . For that purpose, let us set 
To := sup{t G M; w{t) < 1} G ] — cx), +cx)] 

and write 

f _ A Q-Nt cit = i^ + i^, 

Jr^ ' 

where 

Ji := y ° - 1 ) e-^* dt and h := _ 1 j dt . 

In order to estimate Ji, let us notice that for any t < Tq, w{t) belongs to [0,1]. 
Using the fact that there exists a positive constant M such that 

e"^ — 1 < Mx , Vx G [0,1], 

we deduce that 


r-To 


h<Mp . 

J —00 

Let us now estimate l 2 - By virtue of Cauchy-Schwarz inequality, we get for any 
t ^Tq 

w{t) = w{Tq) + / w'{t) dr 
Jto 

< 1 + ^/t - To lltc' 

This implies, in view of fl4.6p . that 


w{t) < 1 + ^/{t-To)N . 
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In addition, using the fact that for any e > 0 there exists > 0 such that 

1 + s/s < ^/(l + e)s + Cs , 

we deduce that for any t > Tq 

w{t)^ < il + e){t-To)N + Ce. 

As (3 g]0, 1[, we can choose £ such that /5(l-|-£) — 1<0. Hence, 


^H-oo 


h < 


^P{l+e){t-To)N+pCe-Nt 


'To 


^+oo 


^ ^pCe-NTo / g(t-To)Y[/3(l-h£)-l] 


JTo 

^PCe-NTo 


< 


N[l-(3{l + e)] 


r*+oo 


^+oo 


Since 


,-NTo 


w{t)\^ dt > / = 


'To 


'To 


N 


, we infer that 


./3Ce 


f*+oo 


h < 


Now, setting C/? = max 
Inequality 


1 — /3(1 + s) 

p/3Ce 


'To 


’ 1 - /3(1 + e) 




, we get fl4.9p . This ends the proof of 


Finally, note that the example by Moser fk dehned by fll.l2p illustrates the sharpness 


of Inequality fl4.2p . since \\fk\\L'^{R' 2 N) 0 and 


'R2N 


r N N 

("e^ivl/dHP _ i) rfx > / (e'rN\fkix)\^ _i\dx = ^(l- ^ ^ 

V J - V J N\^ > N\ 


□ 
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